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Abstract. Let X be a compact HausdorfF space. We study finite-to-one map- 
pings r; X — > X, onto X, and measures on the corresponding projective limit 
space Xoz{r). We show that the invariant measures on Xao(T) correspond in 
a one-to-ono fashion to measures on X which satisfy two identities. Moreover, 
we identify those special measures on Xca (r) which are associated via our cor- 
respondence with a function V on X, a Ruelle transfer operator Rv, and an 
equilibrium measure fiy on X. 
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1. Introduction 

This paper is motivated by our desire to apply wavelet methods to some nonlinear 
problems in symbolic and complex dynamics. Recent research by many authors 
(see, e.g., |AST04I IXLTW04I IEJMP04| ) on iterated function systems with affine 
scaling has suggested that the scope of the multiresolution method is wider than 
the more traditional wavelet context. 

Let r be an endomorphism in a compact metric space X (for example the Julia 
set of a given rational map w = r{z)), and suppose r is onto X and finite-to-one. 
Form a projective space P = P{X, r) such that r induces an automorphism a = a{r) 
of P{X, r). Let F be a Borel function on X (naturally extended to a function on P). 
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Generalizing the more traditional approach to scaling functions, we give in theorem 
I5.1l a complete classification of measures on P{X, r) which are quasi-invariant under 
o(r) and have Radon-Nikodym derivative equal to V. Our analysis of the quasi- 
invariant measures is based on certain Hilbert spaces of martingales ftheorem I3.3() 
and on a transfer operator fsection l2.2|l studied first by David Ruelle. In theorem 
17.31 we give a characterization of the extreme points in the set of l/-quasi-invariant 
probability measures. 

A basic tool in stochastic processes (from probability theory) involves a con- 
struction on a "large" projective space ^oo, based on some marginal measure on 
some coordinate space X. In this paper, we consider a special case of this: Our 
projective limit space Xoc will be constructed from a finite branching process. 

Our starting point is a finite-to-one mapping r: X X. We will assume that r 
is onto, but not invcrtiblc. Hence, each point a; in X is finitely covered, and we get 
a corresponding random walk down the iterated branches of powers of r, i.e., 

r" :— r o r oj ■ ■ o r , composition of r with itself n times. 
n times 

We prescribe probabilities via a fixed function V : X ^ [0, oo). 

In |DuJo04| . we showed that this setup arises naturally in connection with the 
analysis of wavelets, measures on Julia sets for iterations of rational mappings, 

r(z) — ^^[^ \ where pi and p2 are polynomials without common factors, 

P2[Z) 



and X is the corresponding Julia set; 

and for subshift dynamical systems. 

Let A he a, k X k matrix with entries in {0,1}. Suppose every column in A 
contains an entry 1. 

Set 

X{A) := |(eO»eN e ...,k}\ e<+i) = l| 



and 



r-A(6,6,---) = (6,6,...)for^GX(A). 



Then ta is a subshift, and the pair {X{A),rA) satisfies our conditions. 

It is known |R,ue89j that, for each A, as described, the corresponding system 
rA - X{A) — > X{A) has a unique strongly r^i-invariant probability measure, pA, 
i.e., a probability measure on X{A) such that 

/ fdpA^i ,, _\, , Y\ f{y)dpA{x), 
Jx[A) Jx{A) {x) ^^^^ 

for all bounded measurable functions / on X{A). 

In this paper we analyze the connection between measures on X and the induced 
measures on X^o, and we characterize those measures Xoo which are quasi- invariant 
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with respect to the invertible mapping f 

f 



r 

X ► X 

where 

Xoo ■■= Ix ^ (xQ^xi, . . . ) e J^X I r{xn+i) = Xn,n e No > , 

I No J 

f(x) = {r{xo),XQ,xi, . . .) 

and 

f~i(x) = (a;i,a;2,...)- 

We need a specific interplay between spaces {X, r), r: X —> X a non-invertible 
endomorphism, and induced spaces {Xrxnf) where f is an automorphism. This 
issue, and variants of it, arise in a number of areas of mathematics; first in prob- 
abihty theory, going back to |Kol| : and also more recently in a number of wavelet 
problem s, se e for ex ample |BCMOj . [BM| . |BrJo02| . |DutJo| . |DuJo04j . |Gun99| . 
|Jor01| . and |J or04| . In these applications, the problem is to carry along some 
isometric operator defined on a Hilbert space of functions on X, to the space Xoo 
(see proposition 1^21 below) . In the language of operator theory, we wish to make 
a covariant unitary dilation from X to Xoo- This means that we need to induce 
measures /i on X to measures /t on X^o in such a way that a prescribed covariance 
is preserved. 

In our extension of measures from X to Xqo , we must keep track of the transfer 
from one step to the next, and there is an operator which accomplishes this, Ru- 
elle's transfer operator (see ()2.18(l below). In its original form it was introduced in 
|Rue89| ■ but since that, it has found a variety of applications, see e.g., jBalOOj . For 
use of the Ruelle operator in wavelet theory, we refer to |Jor01j and jDut| . 

In our construction, the Hilbert spaces of functions on Xoo will be realized as 
a Hilbert space of martingales. This is consistent with our treatment of wavelet 
resolutions as martingales. This was first suggested in IGun99j in connection with 
wavelet analysis. 

To make our paper self-contained, we have recalled Doob's martingale conver- 
gence theorem in section 3, in the form in which we need it, but we refer the reader 
to the books |Doob8| and [Neveuj for background on martingale theory. 

2. Projective limits 

2.1. Definitions. Let X be a compact Hausdorff space, and let r: X ^ X he & 

finite-to-one mapping: 

(2.1) l<#r-i(x)<oo 
where r^^{x) = {y ^ X \ r{y) — x}. More generally, set 

(2.2) r-\E)^{yeX\riy)eE}, ii E C X. 
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By the projective limit Xoo(r)^ we mean 
(2.3) Xoo(r) = 



r) = < X = (a;o,xi, . . . ) £ r(x„+i) = x„ , n G No > 

I neNo J 



We have the representation 

(2.4) X^ ^Xoo(r) 

We will further assume that r is not invertible, i.e., that ^r^^(x) is not the 
constant function one. 

It is well known that, if r is continuous, then pull-backs of open sets in X define 
a topology on Xoo{r) making Xaair) compact. 

The restriction to Xooir) of the coordinate projections (xo, xi, . . .) ^ Xn will be 
denoted by 0„, and we have 

(2.5) ro0„+i=0„ (neNo). 

One advantage of passing from X to X^o {r) is that r induces an invertible map- 
ping f : Xoo (r) — > Xoo (r) , defined by 

(2.6) f{x) = f{xo, Xi,X2,...) ^ {r{xo),Xo,Xi,X2, ■■■)■ 
One checks that 

(2.7) f-\x) = {xi,X2,...), 
i.e., that 

(2.8) f o f^^ = f^^ of = idx^(r), 
and 

(2.9) ro9n = enof = 9n-i. 
Moreover, both f and f^^ are continuous if r is. 

If *8 is a sigma-algebra of subsets in X (typically we will take 58 to be the Borel 
subsets in X), then there are sigma-algebras 

(2.10) ^r.:^e-\^)^{e-\E)\Ee<&} 

and 

(2.11) 'Boc^ - U »„. 

neNo 

These *8„ 's are sigma-algebras of subsets of X^o (r) ■ 
Using H2.5|l . we get 

(2.12) e-'^9-l,or-\ 

If r is measurable, then r^^(5B) C 25, and we conclude that 

(2.13) S^cS^.+i. 

Then both of the mappings f and are measurable on Xodr) with respect to 
the sigma-algebra *Boo- 

In an earlier paper jDuJo04] . we studied measures p, on {Xoa{r), Soo) and func- 
tions 



(2.14) V:X^[0,oo) 
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such that 

(2.15) jlo f <^ pL (quasi- invariance), 
and 

(2.16) dj^^voe,. 

Notice that when V is given, the measure ji depends on V. We say that /t is 
V -quasi-invariant. 

In |Du,To04] we studied H2.16|l under rather restrictive assumptions. Our present 
study continues the analysis of H2.16|l . and we give a structure theorem for the 
solutions {V,fi). 

2.2. Special solutions to the problem ()2.15p ()2.16|) . In 'DuJo04|, we studied 
the following restrictive setup: we assumed that X carries a probability measure /i 
which is strongly r-invariant. By this we mean that 

(2.17) f fd^i=. f fiv)Mx) (/eL°°(x)). 

If, for example X — M/Z, and r{x) — 2x mod 1, then the Haar measure on 
K/Z =Lebesgue measure on [0,1), is the unique strongly r-invariant measure on 
X. 

Suppose V in (|2.14|) is bounded and measurable. Then define R — Ry, the 
Ruelle operator^ by 

(2.18) i?^/(a;) = — i— V{y)f{y) {feL^{X,p)). 

r{y)=x 

Theorem 2.1. (' |UuJo04] ') Letr: X X and Xoo{r) be as described in section al} 

and suppose that X has a strongly r-invariant measure fj,. Let V be a non-negative, 
measurable function on X , and let Ry be the corresponding Ruelle operator. 

(i) There is a unique measure jl on Xooir) such that 

(a) A°eo'«A* iseth=^^^^), 

(b) / fdfioe-^^ [ R'^{fh)dti (neNo). 
Jx ^ Jx 

(ii) The measure fi on Xoo (r) satisfies 

(2.19) '-^^voeo 

dp, 



(2.20) Ryh = h. 

In this paper we turn around the problem, and take (|2.19() as the fundamental 
axiom. We will not assume the existence of a strongly r-invariant measure /i. 

Proposition 2.2. Letr: X ^ X be as described above, and letr: Xoo{r) ^ Xoc{r) 
be the corresponding automorphism. Let m : X — > C be a bounded measurable func- 
tion on X . Then the operator 

(2.21) S^f:^imoeo)fof 
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defines an isometry in the Hilbert space {Xoc {r) , fj.) if and only if 

(2.22) fior<^fl 
and 

(2.23) ^^^|„,oeop. 

Proof. The isometric property for H2.21|l may be stated in the form. 

(2.24) / \mo9o\^\fof\^dfi^ [ \f \^ dfi, for e^W f e L\X^.{r), fi). 

Setting V := |m|^, and g \ f o H2.24|l reads 



V o 9q g dfL = g of dft. 

'X^{r) J X^{r) 

But this amounts precisely to the two assertions (|2.22() and (|2.23() . In other words, 
the F-quasi-invariance property for V = |mp is equivalent to Sm defining an L^- 
isometry. □ 

3. Induction of measures on Xoo{r) from measures on X 

3.1. Martingales. If /t is a measure defined on the sigma-algebra 05 oo on Xooir), 
then there is an associated sequence of measures (/i„) on X defined as follows: 

(3.1) fXn--^ fioo;,^ (neNo), 
or more precisely 

(3.2) ^,„iE) ^ f,ie-\E)) (Ee^), 

where 

(3.3) e-\E) ^{xe Xoo{r) I e„{x) £ E}. 

Our measures will be assumed positive and finite, unless specified otherwise. 
We now introduce the Hilbert spaces: 

(3.4) i/(A) :=i'(X„o(r),A) 
and 

(3.5) i/„(/i) :-{eo0„|eeL'(X,Ai„)}, 
the orthogonal projections 

(3.6) Pn: H{fi) ^ H„{fi) 
and 

(3.7) Er,: Hifi) ^ L^X.fXr,), 
setting 

(3.8) PnU) =■■ En{f) o On (rieNo); 
then 

(3.9) / ioO„fdfi^ [ iE„{f)d^in, ioY&\\nen^,^eL'{X,^x^). 
Jx^(r) Jx 

Lemma 3.1. Let fi be a measure on (Xaoir), Soo) o,nd let H{p,)be the corresponding 
Hilbert space from (|3.4|) . 
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(i) Then there is an isometric isomorphism 

(3.10) J: H{fi) -^liiaL^{X,Hn) 

n 

where the inductive limit in H3.10|l is defined by the isometric embeddings 

(3.11) (^^or: L\X, /i„) ^ L^X, ^„+i). 
The isomorphism J in H3.10|l is 

(3.12) Jf - (£;„/)„eNo (/ e H{fi)). 

(ii) The Hilbert norm is given by 

and 

(iii) For every sequence ^„ G L^(X, /i„) such that Pn{£,n+i ° ^n+i) — £.n ° 0n, 
and 

(3.13) sup||C„||l2(x,^„) < oo, 

n 

f/iere is a unique f G L'^{Xao{r), fi) such that 

(3.14) /^„/ = e«°^n/or aZ/neNo. 
Moreover, 

(3.15) / = lim ^„o0„, pointwise fi-a.e., and in H{ji). 

n — ^oo 

Proof. The proof depends on Doob's martingale convergence theorem, see |DuJo04j . 
|Neveu| . and |Doob3| . □ 

3.2. From ^ on X to jl on Xoo{r). 

Lemma 3.2. Let (/i„)„gNp he a sequence of measures on (X, 03). Then there is a 
measure fi on (Xoo(?'), OSoo) such that 

(3.16) /lo0-i=^„ (neNo) 
if and only if 

(3.17) M„+ior-i=^„ (nGNo). 

Proof. We first recall the definition, the measure fin+i ° r^^ in H3.17|l . On a Borel 
subset -E, it is 

(3.18) Hn+i o r-i(i;) := A'n+i(r-i (£;)). 

It is well known (see jRud87j ) that H3.18|l defines a measure. 

Suppose /t exists such that (|3.1t)|) holds. Let ^ be a bounded *B-measurable 
function on X. Then 

/ ^°rd^in+i^ / (oro9„+idfi ^ / ^o9„dfi^ / ^dfio9~^ = / ^d^^n, 

"'X JXao{r) JX^{r) Jx JX 

which proves the identity (|3.17|l . 

Conversely, suppose (/Lt„)„gNo satisfies (|3.17|l . Note that the Q3„-measurable 
functions are of the form /o0„ with / 5B-measurable. The *8„-measurable functions 
are also *8„-(-i-measurable and this inclusion is given by 

(3.19) /o0„ = (/or)o0„+i. 
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The relations H2.11|l and (|2.13(l imply that the union of the algebras of bounded 
Sn-measurable functions is {fi)-dense in the algebra of bounded Soo-measurable 
functions on Xadr). 

Now set 

(3.20) fl{f o 9n) :— Hn{f), f assumed *B„-measurable and bounded. 

To see that this is consistent, use (|3.19|) and (|3.17|l to check that 

A((/ °r)o 6'„+i) = A*n+l(/ °r) = A*ri(/) = /*(/ ° ^n)- 

The existence and uniqueness of p, follows from Kolmogorov's theorem, see |DuJo04] 
and Hai. □ 



3.3. The main theorem. In this section we will study the problem H2.16|l via our 

correspondence fi ^ {^J■n)7lefia from lemma rOl 

The questions are two: (1) Which measures fj,o on X admit "extensions" fi to 
measures on Xoo{r) which satisfy H2.16|l ? 

(2) Understand the measures /io which admit solutions fi to H2.16|l . 

Our first theorem answers the question (1). 

Theorem 3.3. Let (/i„)„gNu be a sequence of measures as in lemma 13.11 i.e., 
satisfying ^n+i ° f"^ = /x„, and let V : X — * [0, oo) be ^-measurable. Then the 
"extended" measure fi satisfies 

(3.21) ^^^^1^ = Voeo a.e. on (X„,(r), Q5oo) 
if and only if 

(3.22) d^iQ ^ {y d^ia) o r^^ , and d^in+i ^ {V o r"-)d^n (n e No), 
or equivalently 



(3.23) / fd^iQ = / forVdfiQ, and f d^„+i = / /yor"d^„ (n G No) 
for all hounded ^-measurable functions f on X . 

4. Proof of theorem 13.31 
Let (/i„)ngNo be a sequence of measures that satisfy 
(4.1) Hn+l o r^^ = fin, 

and let /t be the corresponding measure on X^(r). Suppose first that fi satisfies 
(|3.21|l for some *8-measurable function ^ : X ^ [0, oo); in other words we have the 
identity 



(4.2) [ fof-Ufi^ [ 



fV 00 dfi. 

for all bounded *Boo -measurable functions / on Xadr). 

Now specializing ()4.2|) to / = ^ o 0„ with ^ some bounded Q5-measurable function 
on X, we get 



X^(r) Jx^ir) 



^o0nV or^' o0ndfi= / or"" dfi„ 

X^ir) Jx 
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and therefore 

(4.3) ci/x„+i = (yor")d/i„ 

by |TT)l . 

We take a closer look at the case n — 0. Substitute f — £,o9o into 14.2|l . We get 



S^oOq djl= / S^o9oorVo9odfi — / £,oro9oVo9odjl — / S^orVdfio 

Xo^ir] Jx^ir) Jx^ir) Jx 

and therefore d/jQ = {V dfio) o r" -1 which is 

Conversely, suppose (/;x„)„gNo satisfies (|4.1ll and (|3.22() . Lemma IX^ yields the 
existence of a /i on (Xoo(r), 5Boo) such that 

(4.4) /in = Ao0,;i. 

We claim that jj, is F-quasi-invariant, i.e., that (|3.21fl holds. This amounts to 
the identity 

(4.5) / fof-^dfL= [ fVo9odfi. 

Jx^ir) Jx^ir) 

By lemma mi this is equivalent to 

dun+i = Vor'^ dfj.n- 

To see this, substitute f — £, o 9n into H4.5() for ^ a bounded Q3-measurable 
function on X, and n e No. But this holds by and (|^^ follows. 

5. A FIXED-POINT PROBLEM 

In theorem 13.31 we saw that our condition (|2.1()|) . V -quasi-invariance, on mea- 
sures /t on (Xoo(?'), Soo) entails a fixed-point property (|5.1|l for the corresponding 
measure /io jl o 9^ . In this section, we turn the problem around. We show 
that this fixed-point property characterizes the measures p. satisfying the quasi- 
invariance, i.e., satisfying (|2.16(l . 

If the function V : X [0, oo) is given, we define 

W")(x) := Vix)Vir{x)) ■ ■ ■ Vir'^-^x)), 

and set dfin := V^^'^dfio- Our result states that the corresponding measure p. on 
Xooir) is y-quasi-invariant if and only if 

(5.1) d^lo = (V d^io) o r-\ 

Theorem 5.1. Let V : X ^ [0, cxd) be -measurable, and let /io be a measure on 
X satisfying the following fixed-point property 

(5.2) dfiQ ^ {V duo) ° ■ 
Then there exists a unique measure fi on Xoo{r) such that 

(5.3) — — — = V o9o 

dp 

and 

A ° ^0 ^ = Mo- 
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Proof. Let fio be a measure satisfying the fixed-point property H5.2|l . and set 

(5.4) dfln+l ■■= {V or'')dnn- 

This defines a sequence hq, ^i, ^2, ■ ■ ■ of measures on X. To estabhsh the existence 
of the measure /t on Xoo(r), we appeal to lemma IT^ We claim that H3.17|l holds, 
or equivalently that 

(5.5) / fordfin+i^ / fdfin 

for all bounded 5B-measurable functions / on X, and for all n G Nq. 
Substitution of H5.4|l into (|5.5(l yields 

for dfin+i = / f orV or" dfi„, 
X Jx 



and we will prove (|5.5() by induction: 
First 



fordfii^ forVdfio= f {V dfio) o r = / f dfiQ, 
X Jx Jx Jx 

where we used H5.2(l in the last step. So H5.5|l holds for n = 0. 
Assume that H5.5II holds for and m < n. Then 

„n— l^^j,, / ^T/„ — 1 



ford^in+i= / forVor" o r dfin = / f V o r" d^„_i = / /d/i„, 
X Jx Jx Jx 

where we used the definition 1)5.4(1 in the last step. The induction is completed. 

This proves H3.17|l . An application of lemma POl vields the existence of a unique 
measure jl on (Xoo(?'), Q5oo) such that 

(5.6) A°^,;'=/^n (neNo). 

Since the sequence (/i„)„gNo satisfies the pair of conditions 1)^1 22|l by construction, 
we conclude from theorem IH . 31 that fi must satisfy ((5.3|l . i.e., fi is ^-quasi-invariant 
as claimed. □ 

The proof of theorem 15 . II vields also the following lemma 

Lemma 5.2. Let V : X [0, 00) be a bounded ^-measurable function, and let /ig 
be a measure on (X, 05). Suppose 

(5.7) dfio ^ (V d^io) o r-\ 
Set 

(5.8) dun "1/'"' dfio for neN. 
then 

(5.9) Hn+i o r^^ = 
and 

(5.10) fi„{X)^ I V^'^Ufio = M^), for alln en. 

Jx 
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Proof. Indeed, by (|5.8(l we have the recursive formula dfin+i — (V^ o r") and 
as in the proof of theorem 15. II we get that H5.9|l is satisfied. Applying H5.8|l to the 
constant function 1, we get that 



and, with H5.9|l 



X 



Jx Jx Jx 

Now H5.10|l follows by induction. □ 

6. Transformations of measures 

Let X be a compact Hausdorff space, 05 the sigma-algebra of all Borel subsets 
of X, C{X) the continuous functions on X. 
For a € K+ denote by 

AIa{X) \ ^ is a measure on {X, *B), ^J-{X) = a}. 

Note that Ma{X) is equipped with the weak*-topology coming from the duality 



Jx 

where / S C{X). The neighborhoods are generated by the sets -A^^o(/i, . . . , /fc, e) 
where e G M+, /i, . . . , /fc G C{X) and 

Nf^oifu . . . , /fc, e) = {a* G M{X) I - MM <e,t^l,...,k} 

It is known |Rud87| that each AIa{X) is weak*-compact, i.e., AIa{X) is a compact 
convex set in the topology determined by the neighborhoods N^g{fi, . . . , /fc, e). 
Let V : X ^ [0, oo) be bounded and 5B-measurable, and define 

Tv{^l) := iVdn)or-^ (/x G M(X)). 

Lemma 6.1. Let V be as above, and assume V is also continuous. Then 
Tv '. M{X) M{X) is continuous. 

Proof. Let fi G M{X), k e Z+ and f, G C{X), i^l,...,k. Then 

{Tv{^i)\f^) = {^^\Vf,or). 

Setting gk :=VfiO r, we see that 

Tv{N^,X9i-,---i9k,e)) C ^Tv(Mo)(/i:---./fc.e) 

and the conclusion follows if V is assumed continuous. □ 

Definition 6.2. Let V : X [0, oo) be bounded and Q5-measurable. We use the 
notation 

M^(X) := G M{X)\d^i = {Vd^i)or-^}. 
For measures fl on {Xoo{r),^Qo) we introduce 

M^^{Xoo{r)) := |a e M{Xoo{r)) \ fi o f ^ fi and ^^^^ = V o 0o 

The results of the previous section may be summarized as follows: 
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Theorem 6.3. Let V he as in definition 16. 2L For measures fi on Xoo{r) and 
n gNq, define 

then Co is a bijective affine isomorphism of M^^{Xoo{r)) onto (X) that pre- 
serves the total measure, i.e., Co{fi){X) — fi{Xao{r)) for all fi G M^(Xoo(f)). 

Proof We showed in theorem E31 that Co maps Mg^(Xoo(r)) onto M^{X). The 
inverse mapping 

Co':M''iX)^M^,{X^{r)) 
may be realized using theorem 15.11 and lemma □ 

Remark 6.4. The intuitive idea behind C^^ : M^{X) M^^{X^{r)) is as follows: 
Let C^^ifio) = A- Then /i is a measure on Xoo{r), and we view points x in 

Xoo(f) as infinite paths. Recall, if a; = (xo,xi, . . . ) G Xoo(f) then r{xn+i) — Xn. 

So in a random walk we choose Xn+i G 'r~^{xn), and the function V assigns the 

probabilities in each step. At step n, there are ^r~^{xn) choices. 

The assertion in the theorem is that the measure fi is completely determined by 

the prescribed measure /iq at the starting point xq of the path, and by the function 

V. 

The two measures ft and fiQ are normalized so that 

MX) = fi{X^{r)). 

In a special case, we give an explicit formula for Co'^(/io), |DuJo04| Proposition 
8.2] 

Theorem 6.5. Let V: X ^ [0, oo) be continuous. Assume that there exist some 
measure v on {X, S) and two numbers < a < b such that 

(6.1) a < iy{X) <b, anda< / F^") diy < b for all neN. 

Jx 

Then there exists a measure /j-o on {X, 05) that satisfies 

dfiQ = (y dfio) o 

and there exists a V -quasi-invariant measure jl on (Xoo{r),^oc)- 
Proof. Condition H6.ll) guarantees that the set 

M^^{X) |/i e M{X) a < fi{X) < 6 and a < J V^"'> d^ < b, for all n G n| 

is non-empty. Moreover, by the Banach-Alaoglu theorem |Rud87j . this set is com- 
pact in the weak*-topology. It is clear also that the set is convex. 

We claim that the operator Ty maps Af^(X) into itself. Indeed, if G M^(X), 
then 

Ty(/i)(X) = / Vlordfie [a,b] 
Jx 

and, using y F^") o r = 

Tv{ti){V^''^)= I VV^"^Krd^I= f y("+i)rf/ie [a,5]. 
Jx Jx 

Lemma l6 . 1 1 shows that Ty is continuous so we can apply the Markov-Kakutani 

fixed-point theorem (see [RudOll l to conclude that there exists a /^o € -M^^ such 
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that Tvino) — /io- The F-quasi-mvariant measure p, can be obtained from /io using 
theorem 15. II □ 

Remark 6.6. We now connect the above discussion with section Let (X, *B) 
and r : X — > X be as described above. Suppose in addition that {X, *B) carries a 
strongly r-invariant probabihty measure, p, see (I2.17f) for the definition. 
Set 

M{p,X) ■.= {peM{X)\p^p}. 

Let V: X ^ [0, oo) be a bounded measurable function. Then Ty leaves M{p,X) 
invariant; and po in M{p,X) satisfies 

Tvipo) = Po 

if and only if there is an /i g L^{X,p) such that dpa — hdp and Ryh — h. 

Proof. Let p e M{p,X), and write dp = f dp, f G L^{X,p). Let ^ be a bounded 
measurable function on X. Then 

Tv{pm = I ^orVfdp= f _\ J2 V{y)f{y)dp{x) 

ax){Rvf){x)dp{x). 



X 



Stated differently, 

Tv{Jdp)=Rv{f)dp. 
Hence Tv{f dp) ~ f dp \i and only if Rvf = / as claimed. □ 

Before stating and proving our next result we need a lemma. 

Lemma 6.7. Let (X, 05), r: X X, and V : X [0, oo) he as above. Suppose 
{X, 05) carries a strongly r-invariant probability measure p. Then 

(6.2) / W")/dp= / Rl{f)dp 

J X J X 

for all hounded measurable functions f and n G N. 

Proof. We prove H6.2|l by induction, starting with n — 1. Indeed, for / e L°^{X), 

r(y)=x 

where we used the definition H2.17|l of strong r-invariance. 
Suppose Ht).2|l holds up to n. Then 

/ W"+i)/dp= / {V^^^Kr)Vfdp= f y^"H:r) \ ^ V (y) f (y) dpix) 

= / V^^^Rvfdp= f R^Rvfdp^ [ R'^+'fdp, 
Jx Jx Jx 

where we used the induction hypothesis in the last step. 

This completes the proof of the lemma. □ 
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Theorem 6.8. Let (X, 05), and r: X X, be as described above. Suppose 
V : X ^ [0, oo) is measurable, 

and that some probability measure vy on X satisfies 

(6.3) Vy O Ry — Vy. 

Assume also that {X, *B) carries a strongly r-invariant probability measure p, such 
that 



(6.4) 

Then 



p{{x eX\V{x) > 0}) > 0. 



(i) Ty{dp) — i?y(l)(ip, for n G N, where 1 denotes the constant function 



(ii: 
(iii: 



(6.5) 



(iv: 

(v 
(vi 

(vii 



[Monotonicity] ■ ■ < Ry (1) < Ry{l) <■■ <1, pointwise on X. 
The limit lim„^ _Ry(l) = hy exists, Ryhy — hy , and 

p{{x e X I hy{x) > 0}) > 0; 
The measure dp!"^^ — hy dp is a solution to the fixed-point problem 

The sequence dp^n^ = hy dp defines a unique fS^^ as in theorem 15.11 
and lemma 15.21 ' and 

t''rf \f) — fx Ryifhy) dp for all bounded measurable functions f on X, 
and all n E N. 
Finally, 

The measure jjS'^^ on Xoo(r) satisfying p^^^ ° (^n^ ~ Mn^'' has total mass 

p^''\X^{r))=p{hy)^ f hy{x)dp{x). 



X 



Proof. Part (i) follows from remark 
(ii) It is clear that 



r{y)=x 



Starting the induction, suppose 
Then 



R^il)<R^-\l). 



r(y)=x 

E V{y)Rl-\l){v)=Rl{l){. 

r(y)=x 

An induction now proves (ii). 

It follows that the limit hy in (iii) exists, and that 

(6.6) Ry{hy) = hy. 
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Using 1)6. we get that 

= uvil) = 1, for all n e N, 

and therefore 

vvihy) = / hvdvv = ^- 
Jx 

The conclusion (|6.5|) follows from |Jor04[ Chapter 3]. 

The assertion in (iv) is that /ig^'* := hy dp is a fixed point, i.e., that 

Tv{hv dp) = hv dp. 

This follows in turn from remark [6.61 Hence, the measures 

= V^''^hvdp 

extend to a unique measure /i'^-* on Xoo{r) and, by theorem l6.3l 

A(^)GAfj:(Xoo(r)). 
Moreover, using now lemma IHTI we get 

l^^n\f)= I fV^'^^hydp^ f R^ifhy)dp, 

Jx Jx 

which yields the desired conclusion (vi) and (vii). 
Indeed 

A^'''(^ooM)= / lo0odp^'''>= I ldpo= [ hydp. 

JXaa(r) Jx Jx 

Comparing with 1)6.1(1 in theorem 16. 51 notice that 

hydp= lim / R'^{l)dp^ lim 

n — *oo J n — *oo 

The conclusions of theorem 16.81 hold in the following more general form. 



□ 



Corollary 6.9. Let V,W : X — > [0, oo) he measurable, and suppose the assumptions 
(i) and (ii) are satisfied: 

(i) ^^^^ E V{y)W{y)<l,x^X. 

r{y)=x 

(ii) There exists a non-negative function hw on X , and a measure pw such 
that pwRw — Pw ! Rwhw — hw and pwihw) — 1- 

Then 

(6.7) n{fdpw)^{Rvwf)dpw, 
and the limit 

lim RlwW = h 

n^oo 

exists, and satisfies 

(6.8) Tyihdpw) — hdpw- 
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Proof. Wc first show (|6.7|l for n = 1. Let / and ^ be bounded, measurable functions 
on X. Then 

Tvifdpwm^ f CorVfdpw^ I Rw{£.orV f)dpw 
Jx Jx 

= / ^Rw{V f)dpw ^ / £,Rvw{f)dpw 
Jx Jx 

Hence ()6.7|l holds for n = 1, and the general case follows by iteration. 

The argument from the proof of the theorem shows that 

• ■ • < < R'^wW <■■■< Rvwil) < 1, 

so the limit 

h := lim 

n — >oo 

exists, and satisfies (|6.8ll by the same argument. □ 

Remark 6.10. Stated in Ruelle's thermodynamical formalism |Rue89| . the data 
pw (measure) and hw (eigenfunction) in part (ii) of corollary IB. 91 represent an 
equilibrium distribution where W is related to a potential function. Under mild 
conditions on {X,r) and W, it is known that solutions {pw, hw) exist, and we say 
that Xw = 1 is the Perron- Frobenius eigenvalue of the Ruelle operator Rw . In that 
case 

1 = sup{|A| I A G spectrum(i?vF)}- 
The reader is referred to jR,ue89j . jBalOOj . |NuLu99j and |Br,Ton2j for further details 
regarding the spectral theory of Rw . 

Notice further that the conclusion of Ruelle's Perron-Frobenius theorem is a 
generalization of the classical Perron-Frobenius theorem for matrices with non- 
negative entries. 

7. Extreme points 

Theorem 16 . 31 shows that the map p, ^ po :— fio 9^^ establishes a bijective afhne 
correspondence between the following two sets: 

M^i,ii^ooir)) := {A e M{Xooir)) \ p{Xoo{r)) = 1,/t is V-quasi-invariant} 

and 

MYiX) := {po e M{X)\po{X) = l,Tv{po) = Mo}. 
It is easy two see that both these sets are convex, and an application of the Banach- 
Alaoglu theorem |iR,ud9 1 shows that they are compact in the weak*-topology. Then, 
using the Krein-Milman theorem |Rud91j , we conclude that each of these sets is the 
convex weak*-closure of their extreme points. Moreover, since the correspondence 
is afhne it preserves the extreme points. 

This section is devoted to an analysis of the extreme points. Before we state 
and prove our main result on extreme points we need to define the concepts of 
conditional expectation E^^ , and relative ergodicity. 

Proposition 7.1. Let {X, *B), r and V be as above. Let po be a measure in MY{X). 
Then for each bounded measurable function g on X there exists a bounded r^^(23)- 
measurable function E^^ (Vg) such that 

(7.1) f Vgfordpo^ f E,,„{Vg)fordpo, 

Jx Jx 
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for all bounded ^-measurable functions f on X . Moreover, this is unique up to 



^0 o r ^ -measure zero. 

Proof. The positive linear functional 

Kg-.for^ j V g f ordfiQ 

defines a measure on (X, r^^(Q5)) which is absolutely continuous with respect to 
^0- Indeed, if n{E) = then 



= / XEdfiQ^ VxEordno 
Jx J X 

so 

/ V gxE ord^io- 
Jx 

Therefore, by the Radon-Nikodym theorem, there exists some r^^(Q5)-measurable 
function £'p„ (Vf) such that 1)7. l|l holds. Since 



^Mo (^5) f°rdnQ 



Mo 
X 



< \\Vg\\oo / \for\d^io 



X 



it follows that \Efj,g{Vg)\ < \\Vg\\oo holds fiQ o r ^ a.e. 

The uniqueness is also clear from the definition 1)7.1 |l . □ 

Definition 7.2. A measure fiQ G {X) is called relatively ergodic with respect to 
(r, V) if the only non-negative, bounded 25-measurable functions f on X satisfying 

E^Lo (yf) = {V)f o r, pointwise ^0 ° r"^-a.e., 

are the functions which are constant /iQ-a.e. 

Theorem 7.3. Let V : X —i- [0, cxd) be bounded and measurable. Let 

fj, e A/^ j^(Xoo(r)), and ^0 := fi o 9^ e MY{X). The following affirmations are 

equivalent: 

(i) jl is an extreme point of M'^^ ^{X oo{t)) ; 

(ii) V o Oodfi is ergodic with respect to f; 

(iii) jjLQ is an extreme point of MY{X); 

(iv) /j,o is relatively ergodic with respect to {r,V). 

Proof. The arguments in the beginning of this section (mainly theorem I6.|-{|l show 
that (i) and (iii) are equivalent. 

We now prove (i)=>(ii). Suppose /t is not ergodic. Then there exists two mea- 
surable subset A and B of X^o (r) such that 

• J^V o 9odfL > and JgV o Oodfi > (note that then fi{A) > and 
KB) > 0), 

• AUB ^ Xoo{r), and 

• A and B are f-invariant. 
Define then the measures 

for aU E e^. 
Note that 

(7.2) fl^ fl{A)fia+ KB)f^B- 
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We prove next that HA,f^B are in M^^ i{Xoo{r))- Clearly they have total mass equal 
to 1, so we only have to prove the T^-quasi-invariance. For / bounded, measurable 
function on Xooir), we have: 



1 



1 



for ^XAof-^dfL (f(A) = A) 
V o 00 f XAdjj. 

Vodofd^A- 

X^(r) 

Hence ^a is V-quasi-invariant. The same argument works for /is. Therefore ha 
and hb are both in M^^ ^{Xooir)). Now, equation (|7.2() contradicts the fact that jl 
is extreme. 

(ii)=^>(i): Suppose there are some measures /Zi,/i2 € ^qui^ooir)) and some 
A e [0, 1] such that 

(7.3) A = AMi + (l-A)Ai2. 

Then /^i and /i2 are absolutely continuous with respect to /x. Therefore there exist 
/i and /2 in L^{Xoo{r), fi) such that 

d/ii = /i dfi, d^j.2 = /2 dfi. 

Since and jl are ^-quasi-invariant, we have, for all bounded measurable functions 
/ on Xoo{r), 



/ f fi°fV oeodfj,= f °f ^ fidjl 

Jx^{r) JX^ir) 



V oO^f dfil 



yo0o//idA- 

Therefore /i = fior pointwise T^o0g d/i-almost everywhere. The hypothesis implies 
then that /i is constant V oOq dfl-eL.e. The same argument shows that /2 is constant 
V o 9q c?/i-a.e. 

Since /i and /ii are ^-quasi-invariant we have also that 



1 = 



/ lof-^dni= [ Vdni= [ V fidjl. 

Jx^.(r) Jx^(r) Jx^(r) 



IX^ir) JX^ir) •IX^(r) 

It follows that fi — 1, pointwise V o 9q dfi-SL.e. Same is true for /2. Then 
fdfii= VoOofofd^ii^ V 00 f of fi dfi 

X^ir) Jx^(r) JX^(t) 



Vfofdji^ f dfi. 

IX^{r) JX^(r) 

Hence /ii = /i = ^2 and (1 is extreme. 
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(iii)=>(iv): Suppose fio is not relatively ergodic. Then there exists a bounded 
measurable function /i > on X such that E^,,{Vfi) — Ep_g{V)fi o r, pointwise 
Hq o r~^-a.e., and fi is not constant /zo-a.e. We may assume that fi d^Q = 1. 
Define the measure dfii := /i dfiQ. We check that fii is in MY {X). 

fd-m^ ffidfiQ^ V f orfiordfiQ ^ E^,„{V)fiorford^Q 
X Jx Jx JX 



Ef_coiVfi) f ordfio = / V fi f o r dfiQ / VfordfXi. 
X Jx Jx 

Now choose some < A < 1 such that A/i < 1 and define 

h ■= _ ^ , d^i2 = h dfio- 

Then E^g{Vf2) — E^g{V)f2 o r, and the same calculation as before shows that 
Tvi^J'2) = Note also that ^.2{X) = 1. Since /io = XjJLi + (1 — A)/i2 and /i is not 
constant, we have that iii ^ fiQ. It follows that /io is not an extreme point, thus 
contradicting the hypothesis and proving (iv). 
(iv)=^>(iii): Suppose 

(7.4) HQ = Xfii + (1 - X)fi2 

for some fJ,i,H2 G MY{X), A G [0,1]. Then /ii and /i2 are absolutely continuous 
with respect to /io. Let /i, /2 the corresponding Radon-Nikodym derivatives. The 
relation (|7.4|l implies that 

1 = A/i + (1 - A)/2, /fo-a.e. 

In particular /i and /2 are bounded. 

We know that /i and fii have the fixed-point property. Then for all bounded 
measurable functions f on X, 



E^caiV) fior f ordfiQ ^ / V f o r fi o r dfiQ = f f^dfio= f dfii 
X Jx Jx Jx 

Vford^ii^ Vforfid^iQ^ E^g{V fi) f o r dfj^Q. 
X Jx Jx 

Therefore Ef,^{V)fi or = Ef,^{Vfi), /io o r~^-a..e. 

The hypothesis implies that /i is constant /io-a.e. Since fii{X) — fJ.o{X) = 1, it 
follows that /i = 1 and fii = fj-a, and therefore /io is extreme. □ 
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